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Holographic complexity growth for a charged AdS-dilaton black holes with fixed and
dynamical boundary respectively
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The holographic complexity conjectures are considered in a Einstein-Maxwell-Dilaton gravity, by
using the ”Complexity-Volume” proposal. Specifically, we calculate the growth rate of complexity
for an eternal charged AdS-dilaton black holes with fixed and dynamical boundaries respectively.
The dynamical boundary is achieved by introducing a moving self-graviting brane on which the
induced metric has an exact FLRW form. In case of fixed AdS boundary, there exists a bound for
evolution of growth rate on late time, while this bound will become larger as the dilaton coupling
constant α increases. In large α limit, we analytically prove that this bound is a finite value which is
proportional to the black hole mass. In case of dynamical boundary, namely the brane-bulk system,
the growth rate decreases monotonously on late time, after reaching a maximum value at a certain
time. We find that the evolution of growth rate for brane-bulk system on late time is dominated by
the velocity of the moving brane. We guess this result is model-independent.
I. INTRODUCTION
The Anti-de Sitter/Conformal field theory (AdS/CFT)
correspondence [1–3] provides a profound way for us
to associate the physics of gauge field theory with the
spacetime geometry in higher dimension. On the one
hand, this method allows us to solve a tough problem
in strong coupled quantum system by transforming it
into a tractable one in classical or semi-classical gravity
theory[4–6]. On the other hand, it also pushes us to un-
derstand how spacetime geometry emerges from the dual
CFT theory. In particular, an intrinsic correlation be-
tween the quantum information theory and gravity has
been found through the research of holographic entan-
glement entropy (HEE) [7]. In scenario of HEE, the en-
tanglement entropy in boundary field theory is dual to
the minimal area of a codimension-2 surface in bulk an-
chored at the boundaries. Since then, many attempts
toward reconstructing the bulk geometry from measures
of quantum entanglement have been proposed[8].
Recently, another physical quantity called quantum
complexity has been involved into the AdS/CFT dictio-
nary as a complementary concept to HEE. Specifically, in
regard to a thermo-field double state (TFD state) which
is dual to an eternal asymptotic-AdS black hole [9], [10]
shows that the entanglement entropy fails to characterize
the growth behavior after reaching the thermal equilib-
rium for the Einstein-Rosen Bridge (ERB) behind the
horizon. Actually, the growth behavior of ERB in black
hole interior could be related to the computational com-
plexity of the quantum state on AdS boundary. This
insightful view is proposed by the [11, 12] at the first
time, namely the so called complexity-volume (CV) con-
jecture which assumes that the quantum complexity of
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the CFT on boundary is dual to the maximum volume
of the ERB in bulk spacetime. After that, another ver-
sion called complexity-action (CA) conjecture in context
of AdS/CFT is also considered by [13, 14]. In the CA
conjecture, the quantum complexity on boundary is as-
sociated to the gravitational action evaluated on a region
of Wheeler-DeWitt (WDW) patch in the bulk spacetime.
Basing on these works, the research about quantum com-
plexity from the viewpoint of holography have attracted
more and more attentions. Many extensive studies on
CV and CA conjectures have been investigated in var-
ious aspects, such as the generalization to the charged
asymptotic-AdS black holes [15, 16] and modified gravity
models [17–21], the growth rate [22–25], the divergence
structure [26, 27].
Most works about growth rate of holographic complex-
ity focus on the case of static bulk spacetime and the fixed
boundary. Actually, it is also an interesting research di-
rection to explore the time dependence of holographic
complexity in a dynamical background spacetime. There
have some interesting works on this issue, such as the
evolution of holographic complexity in the AdS-Vaidya
spacetime [28–30]. Meanwhile, the [31] generalizes the
complexity conjectures to de-Sitter (dS) space by con-
structing the dS invariant states in a quantum field the-
ory on boundary and considering the correspondingly
holographic calculation in bulk. More interesting, [32–34]
have investigated the growth rate of holographic com-
plexity in a static AdS bulk with a dynamic boundary
on which the induced metric has the Friedman-Lemaitre-
Robertson-Walker (FLRW) form.
In this paper, our purpose is to consider the holo-
graphic complexity conjectures in a Einstein-Maxwell-
Dilaton gravity[36, 37] which is derived from the low-
energy limit of string theory[35]. Specifically, we will in-
vestigate the growth rate of holographic complexity via
the CV proposal for an eternal charged AdS-dilaton black
holes with fixed boundaries and dynamical boundares re-
spectively. The dynamical boundary is achieved by intro-
2ducing a moving codimension-1 Randall-Sundrum (RS)
brane[38–41]. As we know, for most of asymptotic-AdS
black holes, the growth rate of holographic complexity
usually increases on early time and then approaches a
limit value on late time. And we wonder if the similar
physical behavior could be observed in case of the dynam-
ical boundary. Besides, it has been indicated that the
dilaton coupling constant play an important role in many
phenomenological aspects of dilaton gravity. For exam-
ple, the different phases structures of black hole ther-
modynamics is analyzed by [42, 43] in different dilaton
coupling constants; [44, 45] observe the various evolu-
tion modes of brane universe as varying the value of dila-
ton coupling constant. Thus, it is worthwhile to explore
the effects of dilaton coupling constant on the growth
rate of holographic complexity. In comparison with the
work [33], except to generalize their results from AdS-
Schwarzschild black hole to charged AdS-dilaton black
holes, we also consider the self-gravitating effects of brane
by using the method provided in [45–47].
Our work is organized as follows. In Sec.II, we briefly
review the exact solutions of five-dimensional asymptot-
ically AdS black holes in a type of Einstein-Maxwell-
Dilaton gravity. The black hole mass is obtained by using
the counterterm method. In Sec.III, we investigate the
growth rate of holographic complexity for this charged
AdS-dilaton black holes by using the CV conjecture. We
plot the full time dependence of the growth rate of com-
plexity with different dilaton coupling constant α. Be-
sides, the bound of growth rate on late time is calculated
analytically in the large α limit. In Sec.IV, we replace the
AdS boundary of black holes by a moving self-graviting
brane, meanwhile the growth rate of holographic com-
plexity for this brane-bulk system is considered. Finally,
Sec.V will summarize our results and give a discussion.
II. ADS DILATON BLACK HOLES AND
RELEVANT THERMODYNAMICAL
QUANTITIES
Let us begin with the action of 5-dimensional Einstein-
Maxwell-dilaton gravity (we use the convention κ2 =
8πG)
SEMD =
1
2κ25
∫
M
d5x
√−g[R− 4
3
gMN∂Mφ∂Nφ (1)
− V (φ) − e− 43αφF 2]
where R and φ are the usual Ricci scalar and dilaton
field respectively, the latter has self-interaction V (φ) and
non-minimally couples to the electromagnetic field of ki-
netic energies F 2. The physical constants α measures the
strength of this coupling. Equation of motions following
from (1) have the form
RMN = 1
3
[4∂Mφ∂Nφ+ gMNV (φ)] + 2e
− 4αφ3 [FLMFLN
−1
6
gMNF
2] (2)
∇2φ = ∂M (
√−ggMN∂Nφ)√−g =
3
8
∂V
∂φ
− α
2
e−
4αφ
3 F 2 (3)
∇N (e−
4αφ
3 FNM ) = ∂N (
√−ge− 4αφ3 FNM ) = 0 (4)
We consider a static black hole solution with metric
ansatz
ds2 = gABdx
AdxB
= −A(r)dt2 +B(r)dr2 +R(r)2dΩ2k,3 (5)
where dΩ2k,3 is the line element of 3-dimensional hy-
per surface of constant curvature 6k with k = ±1, 0
corresponding to spheric, hyperbolic and plane topol-
ogy respectively. For simplicity, we will consider only
the spherical case in this paper, namely k = 1 and
dΩ23 = dθ
2
1 + sin
2 θ1dθ
2
2 + sin
2 θ1 sin
2 θ2dϕ
2. We assume
only static electric fields exists in this system, and then
the only nonzero components of electromagnetic field
strength is Ftr = −Frt. According to the maxwell equa-
tion (4), Ftr is solved as
Ftr =
√
A(r)B(r)
qe4αφ/3
R3(r)
(6)
Explicitly, substitute (5),(4) into (2) and (3), it can be
obtained that
A′′
2B
+
3A′R′
2BR
− A
′B′
4B2
− (A
′)2
4AB
=
4e−4αφ/3(Ftr)2
3B
− 1
3
AV (7)
A′′
2A
+
3R′′
R
− 3B
′R′
2BR
− A
′B′
4AB
− (A
′)2
4A2
= −1
3
BV − 4
3
(φ′)2 (8)
+
4(Ftr)
2e−4αφ/3
3A
RR′′
B
+
2(R′)2
B
− B
′R′R
2B2
+
A′R′R
2AB
= −1
3
R2V (9)
−2R
2(Ftr)
2e−4αφ/3
3AB
φ′′
B
+
3R′φ′
BR
− B
′φ′
2B2
+
A′φ′
2AB
=
3
8
V ′ +
α(Ftr)
2e−4αφ/3
AB
(10)
By adjusting the form of V (φ) appropriately, reference
[36, 37] obtains asymptotically AdS black hole solutions
of the system analytically,
V (φ) =
Λ
2(2 + α2)2
(4α2(α2 − 1) · e− 8φ3α (11)
+ 4(4− α2) · e 4αφ3 + 24α2 · e− 2(2−α
2)φ
3α )
A(r) = (k − c
2
r2
)(1 − b
2
r2
)
2−α2
2+α2 − Λr
2
6
(1− b
2
r2
)
α2
2+α2(12)
B(r) = (1 − b
2
r2
)
− α2
2+α2 /A(r) (13)
R(r) = (1− b
2
r2
)
α2
2(2+α2) r (14)
φ(r) =
3α
2(2 + α2)
ln(1 − b
2
r2
) (15)
3Besides, the following parameter relation is also implied
by Einstein field equations,
q2 =
6
(2 + α2)
b2c2 (16)
Here b and c are integration constants with dimension of
length, as we show later, they are also related with the
mass M . Reference [42] shows that for this black hole
solution, the Kretschmann scalar RµναβRµναβ and the
Ricci scalar R both diverge at r = b, thus r = b is the
location of curvature singularity. Furthermore, it is im-
portant to recognize that this charged AdS-dilaton only
exists one horizon whatever the value of dilaton coupling
constant α.
When we use the Euclidean path integral approach to
calculate the thermodynamical quantity and black mass,
there exists a unavoidable divergence on boundary of
spacetime. In asymptotically AdS spacetime, a suitable
surface counterterm is found with feature of coordinate
frame independence, after the renormalization procedure,
we could obtain a finite Euclidean action and a well-
defined boundary stress-energy tensor. According to the
methods in [48, 49], we choose the surface counterterm
as the following ansatz
Sct = − 1
κ25
∫
∂M
d4x
√−γ
{
c0
leff (φ)
(1 +
cφ
c0
φ2)
+c1leffR+ c2l3eff
(R2 + cβRabRab)
}
(17)
where
1
leff (φ)
=
√
− V (φ)
3(3 + 1)
the expression of V (φ) has shown in eqs.(11). Actually,
R2 and RabRab are smae in magnitude, we will make
cβ = 0 for simplifying the caculations. With inclusion of
this counterterm, the quasilocal stress-energy tensor at
the boundary r = const with induced metric γab could
be derived as
Tab =
1
κ25
{
Kab −Kγab + c0
leff
(
1 + cφφ
2
)
γab
−2c1leff
(Rab − 1
2
Rγab
)
+ c2l
3
eff
(
γabR2
−4RRab + 4∇a∇bR− 4γab∇m∇mR
)}
(18)
where the γab is the induced metric on the boundary
r = const, which is defined as
γabdx
adxb = lim
r→con
ds25 = −A(r)dt2 +
(
R(r)
)2
dΩ23 (19)
The Kab is the extrinsic curvature on the boundary. Ex-
pand the (18) explicitly, we give
Ttt = −3 AR
′
√
BR
− c0
leff
A
(
1 + cφφ
2
)
−6c1leff
R2
A− 36c2l
3
eff
R4
A (20)
Tij =
hij
R2
(
R2A′
2A
√
B
+ 2
RR′√
B
+ c0(1 +
cα
c0
φ2)
R2
leff
+2c1leff − 12c2
l3eff
R2
)
(21)
The mass of black hole is a conserved charge associated
with a timelike killing vector, from the reference [48], it
could be defined as
M =
∫
r→∞
dx3
(
R(r)
)3(
A(r)
)− 12 Ttt (22)
For getting a finite mass of black hole, we need to find a
well-defined quasilocal stress-energy Ttt. Thus, we choose
the undetermined coefficients in (17) as c0 = −3, cφ =
2
9 , c1 = − 14 , c2 = 196 [45]. After substitute these coef-
ficients and (11)-(15) into (22), the expression of black
hole mass is obtained as
M =
3Ω3
2κ25
(
c2 +
(2− α2
2 + α2
)
b2
)
(23)
III. THE GROWTH RATE OF COMPLEXITY
FOR CHARGED ADS-DILATON BLACK HOLE
VIA THE C-V CONJECTURE
In this section, let us calculate the growth rate of com-
plexity for the charged AdS-dilaton black hole solutions
(23) via the complexity=volume (C-V) conjecture, fol-
lowing the standard procedure given by [11, 24]. The
Penrose diagram of an eternal charged AdS-dilaton black
hole is shown in Figure 1, which is similar to the case
of an eternal Schwarzschild-AdS black hole. There ex-
ists two copies of CFT, denoted by CFTL and CFTR,
living on left and right timelike boundaries respectively.
The red curve in Fig.1 represents the maximal wormhole
(codimension-one bulk surface) connecting the desired
time slices at tL and tR on the two asymptotic bound-
aries. According to the C-V conjecture, the complexity
of the thermofield double state associated to CFTL and
CFTR on boundary spacetime is dual to the maximal
volume of the wormhole,
CV = 8π
κ25L
Vmax (24)
We use the rmin to denote the minimum distance which
the Einstein-Rosen bridge can reach, while rmin is in-
side the future horizon rh. From CFT’s side, the ther-
mofield double state is invariant under an evolution with
the Hamiltonian H = HL − HR. Correspondingly, the
time dependence of the complexity only depend on the
4FIG. 1: (color online). Penrose diagram for an eternal
asymptotic-AdS black hole with one horizon. The CV con-
jecture implies that the computational complexity of the dual
quantum state on spacetime boundary is associated to the
maximal size of an Einstein-Rosen bridge (ERB).
total time η = tL + tR and not on each of the boundary
times respectively. Without loss of generality, we could
always calculate the growth rate of holographic complex-
ity for a symmetric configuration, i.e. tL = tR =
η
2 .
Besides, due to the time reversal symmetry η → −η of
the bulk geometry, we just need to consider the behavior
of the complexity in range r ≥ 0, namely the upper half
of the Penrose diagram.
Transform the line element (23) into the Eddington-
Finkelstein coordinates, we give
ds2 = −A(r)dv2 + 2A(r)
F (r)
dvdr +R(r)2dΩ2k,3 (25)
where
v = t+ r⋆(r) , dr⋆ =
dr
F (r)
(26)
F (r) =


√
A(r)
B(r) , r ≥ rh
−
√
A(r)
B(r) , r ≤ rh
(27)
As shown by Fig.2, the F (r) is continuous at horizon
r = rh. Assuming the geometry of wormhole, i.e. the
codimension-one bulk surface, has the same maximal
symmetry as the horizon geometry of black holes. Thus
we just need to embed the surface into the bulk space-
time by v(λ) and r(λ), in which the parameter λ is the
radial coordinate intrinsic to the surface. And then the
volume of wormhole is expressed as
V = 2Ωk,3
∫ λmax
λmin
dλ R(r)3
√
−A(r)v˙2 + 2A(r)
F (r)
v˙r˙ (28)
where the dots denote the derivative with respect to λ.
The overall factor 2 is owing to the fact that the surface is
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r
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FIG. 2: (color online). The variation of F (r) with respect to
the r in some representative parameters.
composed of two equivalent parts, while the integral only
cover the left or right part. We could obtain the maximal
volume by extremizing the (28). For the convenience of
calculations in later, we rewrite the (28) as
V = 2Ωk,3
∫
dλL(v˙, r˙, r) (29)
Since the L(v˙, r˙, r) does not depend explicitly on v, a
conserved quantity E is implied when varying (29) with
respect to v(λ), namely
∂L
∂v˙
=
√
A
F
R3(r˙ − F v˙)√
2r˙v˙ − F v˙2 = −E (30)
it is easy to observe that the E has the dimension of en-
ergy. Instead of deriving the other equations of motion
about r(λ) from (28), we will use the fact that the expres-
sion in (28) is reparametrization invariant. In this way,
the λ is freely chosen to keep the radial volume element
fixed, without loss of generality,
R3
√
A
F
√
2v˙r˙ − F v˙2 = 1 (31)
We could further simplify (30) and (31) as,
r˙ =
F
AR3
√
(A+
E2
R6
) (32)
v˙ =
1
AR3
√
(A+
E2
R6
) +
E
AR6
(33)
Thus, according to (28), (31) and (32), the maximal vol-
ume of wormhole is expressed as
Vmax = 2Ωk,3
∫ rmax
rmin
1
r˙
dr
= 2Ωk,3
∫ rmax
rmin
AR6
F
√
(AR6 + E2)
dr (34)
5As shown by Fig.1, since we consider a symmetric con-
figuration, the minimal radius rmin should be a turning
point of the surface, i.e. r˙|rmin = 0. Moreover, the rmin
is associated with the parameter E through (32),
−A(rmin)R(rmin)6 = E2 (35)
Note that the equation (35) also suggests rmin < rh,
while we have v˙|rmin > 0, 0 > E from (30). At the same
time, it is easy to see that the rmax = ∞, which is the
location of spacetime boundary.
By combining the (32) with (33), we give
v∞ − vmin =
∫ ∞
rmin
dv
dλ
dλ
dr
dr =
∫ ∞
rmin
v˙
r˙
dr
=
∫ ∞
rmin
{ 1
F
+
E
F
√
(AR6 + E2)
}
dr (36)
From the definition (26), we also have
v∞ − vmin = t∞ + r⋆(∞)− tmin − r⋆(rmin) (37)
actually the time at the turning point can be set to zero,
i.e. tmin = 0, due to the symmetry of configurations.
Through (36) and (37), the time on spacetime boundary
is expressed as
t∞ =
∫ ∞
rmin
{ E
F
√
(AR6 + E2)
}
dr (38)
Here the t∞ only represents the time tL on the left space-
time boundary or the time tR on the right spacetime
boundary, as shown by Fig.1. However, the time depen-
dence of the complexity are only relevant with the total
time η = tL + tR = 2t∞.
Associating (24), (34) to (38), the growth rate of com-
plexity is given as
dCV
dη
=
8π
κ25L
dVmax
dη
=
4π
κ25L
(
dVmax
drmin
)
/
(
dt∞
drmin
)
=
4π
κ25L
( −2Ωk,3AR6
F
√
AR6 + E2
)
rmin
/( −E
F
√
AR6 + E2
)
rmin
=
8πΩk,3
√
−A(rmin)R(rmin)3
κ25L
(39)
The time dependence of the complexity growth rate for
AdS-dilaton black hole solutions (12) − (14) in case of
k = 1 is shown by Figure 3. It is easy to observe that
the growth rate approaches a constant as the time η in-
creases, while this constant is viewed as the bound of
complexity growth rate at late times. Besides, we could
also find that the larger the dilaton coupling α is, the
higher the bound would be. Next, let us prove that the
bound is a finite value when α→∞. In the large α limit,
the (12) and (14) can be approximated as,
A(r)
∣∣
α→∞ = (1−
c2
r2
)(1 − b
2
r2
)−1 +
r2
L2
(1− b
2
r2
) (40)
R(r)
∣∣
α→∞ = (1−
b2
r2
)
1
2 r (41)
0.1 0.2 0.3 0.4
η
0.01
0.02
0.03
0.04
0.05
0.06
3
8πM
dCv
dη
M 2.5,Q 0.1
α 1
α= 2
α 2
FIG. 3: (color online). The full time dependence of the holo-
graphic complexity growth for an eternal charged AdS-dilaton
black holes in different α. The growth rate is converted to a
dimensionless quantity by multiplying it by
√
3
8piM
.
Meanwhile, the black hole mass become
M
∣∣
α→∞ =
3Ω3
2κ25
(c2 − b2) (42)
From (39), it is easy to see that the bound of dCVdη
could be found by searching the maximum value of√
−A(rmin)R(rmin)3. We use r˜min to denote the ex-
tremum point of
√
−A(rmin)R(rmin)3, namely
d
drmin
(√−A(rmin)R(rmin)3)
∣∣∣∣
r˜min
= 0 (43)
Plug (40), (41) into (43), we obtain
r˜±min =
√
8b2 − 3L2 ± L√32c2 − 32b2 + 9L2
2
√
2
(44)
We will throw away r˜−min because of r˜
−
min < b (r = b
is the singularity of black hole). Furthermore, one can
easily check that the r˜+min is the maximum point. Af-
ter substituting r˜+min into (39) and using some tricks of
inequality, we give
dCV
dη
∣∣∣∣
η→∞
<
4
√
3πΩk,3(c
2 − b2)
κ25
=
8πM√
3
(45)
where we have used the (42). In brief, (45) means that
the complexity growth rate, especially in the late time
limit, can not exceed the bound 8πM√
3
, whatever how large
the dilaton coupling α is.
6IV. THE GROWTH RATE OF COMPLEXITY
FOR BRANE UNIVERSE MOVING IN
CHARGED ADS-DILATON BLACK HOLES
A. Motion of brane in charged AdS-dilaton black
holes
In this part, we briefly review the movement of a self-
graviting 3-brane in charged AdS-dilaton black holes, one
can refer [45] to get more detail. We assume M is a
five-dimensional manifold containing a brane Σ with two
sides, which splitsM into two parts with a Z2 symmetry.
Here, XA = {t, r, ~x3} and xµ = {τ, ~x3} are used to de-
note bulk coordinates and internal coordinates of brane
world sheet respectively. We consider the scenario that
the brane moves translationally along the r-direction,
thus the brane is embedded into the bulk spacetime by
r(τ) and t(τ), in which τ is the proper time on brane.
For the convenience of distinguishing radial coordinates
r and the locaition of brane r(τ), we replace r(τ) by
symbol a(τ). The velocity vector of the brane could be
written as uM = (t˙(τ), a˙(τ), 0, 0, 0). According to the
normalization condition uMuM = −1, we have
dt
dτ
=
√
(1 +Ba˙2)/A (46)
Let nM be the unit normal point into M. Through or-
thogonal condition uMnM = 0, n
MnM = 1, the nM
could be expressed as
nM = (
√
ABa˙,−
√
B(1 +Ba˙2), 0, 0, 0) (47)
The induced metric on brane is
ds2 = −dτ2 +R(a(τ))2dΩ2k,3 (48)
hµν = e
M
µ e
N
ν (gMN − nMnN )
in which the vierbein eMµ is defined as e
M
µ =
∂XA
∂xµ . The
bulk-brane system is described by the following action
S = SEMD + Sbrane (49)
Sbrane =
∫
d4x
√
−h{ K
κ25
+ λ(φ) + Lmatter} (50)
where LEMD is the lagrangian of Einstein-Maxwell-
Dilaton gravity. Meanwhile, λ represents the effective
brane tension, which is an undetermined function of φ.
And K is the trace of the extrinsic curvature, namely
K = hµνKµν = hµνeMµ eNν (∇MnN + ∇NnM ). Varying
(49) with respect to gµν , except to derive a standard
Einstein equation in bulk spacetime, we also obtain an
Israel junction condition on the brane
Kµν −Khµν = κ
2
5
2
Sµν (51)
in which we have assumed a Z2 symmetry on two sides of
the brane, namely (Kµν)
∣∣
Σ
−
= −(Kµν)
∣∣
Σ+
. In a similar
way, the boundary condition of dilaton field on the brane
is obtained as,
4
3κ25
nM∂Mφ =
∂λ
∂φ
(52)
Expanding (52) yields,
−
√
(1 +Ba˙2)√
B
∂rφ =
3κ25
4
∂λ
∂φ
(53)
Meanwhile, since the boundary condition of vector field
on the brane is trivial, we will not consider it.
Moreover, the energy-momentum tensor of matters on
the brane is assumed to have the form of simple ideal
fluid,
Sµν = Diag{−ρ, P, P, P} (54)
And then, the (23) can be expanded by the following
results
κ25
2
(λ+ P ) =
2R′
√
1 +Ba˙2
R
√
B
+
√
(1 +Ba˙2)
2A
√
B
(
A′ + (AB′ − A′B)a˙2) (55)
κ25
6
(λ− ρ) = R
′
R
√
1 +Ba˙2√
B
(56)
By using the Gauss-Codacci equations, the effective
gravitational field on the brane is described by
3
2
(
Rµν − 1
6
hµνR
)
+
3
2
Eµν − 3
2
KKµν + 3
2
KµρKρν+
K2
4
hµν − 1
4
hµνKαβKαβ = κ25
(TMNhMµ hNν − T4 hµν) (57)
where theRµν andR are the Ricci tensor and Ricci scalar
of the induced metric hµν . Meanwhile the Eµν has the
following definition,
Eµν = CMNABnMnAeNµ eBν (58)
in which the CMNAB represents the Weyl curvature ten-
sor in bulk spacetime, namely
CMNAB = RMNAB − 2
3
(gMARBN − gNARBM ) + 1
6
gMAgBNR
Substituting (48), (51) into (57) and expanding it explic-
itly, we obtain two equations as follows
2R′
R
a¨+ (
A′
A
+
B′
B
)
R′
R
a˙2 +
A′
AB
R′
R
− ( 1
B
+ 1)
R′2
R2
=
κ45
6
(λP +
λ2
6
− Pρ+ 2
3
λρ− 5
6
ρ2) (59)
R′2
BR2
(
1 +Ba˙2
)
=
κ45
18
(λ2
2
+
ρ2
2
− λρ) (60)
7It should be emphasized that R represents the solution
(14), which is the function of r in metric (5) rather than
the Ricci scalar. It is easy to observe that (60) is same
with (56). In a word, the bulk-brane system is described
by four independent equations (53), (55), (56), (59). Af-
ter combining the Einstein field equation (7)-(9) in bulk
spacetime with the Israel junction condition (55)-(56),
(59) could be further simplified as
a¨+
A′
2A
a˙2 +
A′B
2A
a˙4 − 1
2
B′a˙4 = 0 (61)
Actually, it is very difficult to find the analytical solution
of (61). So, we have to consider it numerically. After sub-
stituting (12), (13) into (61) and solving this differential
equation numerically at fixed parameters M and Q with
different α. We display the variation of brane’s position
a(τ) and corresponding velocity a˙(τ) in Fig.4. Note that
the initial position of brane need to satisfy a(0) > rh, or
the brane could not pass through the past event horizon.
2 4 6 8
τ
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0.34
0.36
a τ)
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α=2
= 2
α=1
FIG. 4: (color online). The variation of brane’s location a(τ )
in radial direction of bulk coordinates as the increase of proper
time.
B. Growth rate of holographic complexity for
brane-bulk system
As shown by Fig.5, when the CFT is located on brane,
the maximal volume of wormhole (34) is rewritten as
Vmax = 2Ωk,3
∫ a(τ)
rmin
AR6
F
√
(AR6 + E2)
dr (62)
And, the time coordinates of left or right brane in bulk
spacetime is
tb =
∫ a(τ)
rmin
{ E
F
√
(AR6 + E2)
}
dr (63)
At the same time, (63) should also satisfy the differen-
tial equation (46). Thus, an implicit function relation
between rmin and τ could be found by combining (46)
and (63). Nevertheless, it is very hard to give the analyt-
ical expression of rmin(τ). As shown by Fig.6, we could
FIG. 5: (color online). The trajectory of a self-graviting brane
which moves in an eternal charged AdS-dilaton black holes.
Note that the initial position of brane need to satisfy a(0) >
rh, or the brane could not pass through the past event horizon.
roughly depict the function relation between rmin and τ
by using the data fitting method.
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
τ
0.235
0.240
0.245
0.250
0.255
0.260
0.265
rmin(τ)
M=2.5,Q=0.1,L=1
α=1
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
τ
0.250
0.255
0.260
0.265
0.270
0.275
0.280
r
m 
(τ)
=2=0	
=1
α= 2
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
τ
0.275
0.280
0.285


0.300
0.305
rmin(τ)
=2.5,Q=0.1,L=1
α=2
0.05 0.10 0.15 0.20 0.25 0.30
τ
-0.5
-0.4
-0.3
-0.2
-0.1
0.1
r

min
M=2.5,Q=0.1,L=1
α=2
α= 2
α=1
FIG. 6: (color online). Find an implicit function relation
between rmin and τ through the data fitting method. The
data points {(τ i, rimin), i = 1, 2, . . . } are collected by mak-
ing (63) equal to the integration of (46) at each (τ i, rimin).
Note that the initial condition for t(τ ) is t(0) = 0, it implies
rmin(0) = a(0) (the value of a(0) could be found in Fig.4).
From (62) and (63), one can easily prove the following
equation
Vmax
2Ωk,3
=
∫ a(τ)
rmin
√
(AR6 + E2)
F
dr − Etb (64)
By using the chain rule of derivatives, the growth rate of
8complexity with respect to τ is
1
2
dCV
dτ
=
1
2
∂CV
∂tb
dtb
dτ
+
1
2
∂CV
∂rmin
drmin
dτ
+
1
2
∂CV
∂a
da
dτ
=
8πΩk,3
κ25L
(
a˙(
√
AR6 + E2
F
)a(τ) − r˙min(
√
AR6 + E2
F
)rmin
+ r˙min
∫ a(τ)
rmin
∂
∂rmin
(
√
AR6 + E2
F
)dr
)
− 8πΩk,3
κ25L
(
E
dtb
dτ
+
∂E
∂rmin
r˙mintb
)
(65)
in which the factor 12 is due to the fact that the time
dependence of the complexity are only relevant to the
total time τL+τR = 2τ . By utilizing the following results
A(rmin)R
6(rmin) + E
2 = 0
∫ a(τ)
rmin
∂
∂rmin
(
√
AR6 + E2
F
)dr =
∂E
∂rmin
tb
The (65) can be simplified as
1
2
dCV
dτ
=
8πΩk,3
κ25L
(
a˙(
√
AR6 + E2
F
)a(τ) − E
dtb
dτ
)
(66)
By putting the numerical solutions rmin(τ) and a(τ) into
(66), the growth rate of complexity for CFT located on
brane is plotted in Fig.7 It is straightforward to see that
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FIG. 7: (color online). The full time dependence of the growth
rate of the holographic complexity for the brane-bulk system
in background of charged AdS-dilaton black holes. Note the
τ on the horizontal axis represents the proper time on the
moving brane.
the growth rate decreases monotonously on late time, af-
ter arriving at a maximum value. This variation trend is
similiar to the complexity evolution for the closed brane
universe via the CV conjecture given by [33], but there is
no negative value in our result. This difference is easy to
understand from the expression (66). As studied by the
[33], the evolution mode of the closed brane universe is
in a contracting phase on late time, namely a˙ < 0. Thus,
the dCVdτ < 0 is obtaind naturally if a˙ is negative. But in
our case, as shown by Fig.4, the growth rate is positive
due to a˙ > 0. By analyzing the results in [33] and our
work, we find that the growth rate of holographic com-
plexity for brane-bulk system on late time is dominated
by the velocity of the brane. Meanwhile, we guess this
conclusion is model-independent. But the impact factors
to the growth rate of complexity on early time is still
unclear, we need more case studies to uncover it.
V. CONCLUSION AND DISCUSSION
In this paper, we have investigated the growth rate
of holographic complexity for charged AdS-dilaton black
holes in a Einstein-Maxwell-Dilaton gravity by using the
so called complexity-volume (CV) conjecture which asso-
ciates the quantum complexity of the CFT on boundary
to the maximum volume of the ERB in bulk, as illus-
trated by Fig.1. At first, we consider the case of static
black hole bulk with a fixed boundary which is located
on the infinity. In Fig.3, we plot the full time depen-
dence of the growth rate of holographic complexity with
different dilaton coupling constant α. It is easy to ob-
serve that there exists a bound for growth rate on late
times, while this bound will become larger as we increase
the value of α. For ensuring that the bound is a finite
value when α → ∞, we calculate it analytically in large
α limit. And, the result (45) means that the complex-
ity growth rate, on the late time, can not exceed the
bound 8πM√
3
, whatever how large the dilaton coupling α
is. Our results are complementary to the [52], in which
the CA proposal for calculation of holographic complex-
ity grwoth in background of a charged AdS-dilaton black
holes has been considered.
On the next step, we replace the AdS boundary of
black holes by a moving self-graviting RS brane, while the
growth rate of holographic complexity for this brane-bulk
system is analyzed. Specifically, the movement of brane
is determined by the Israel junction condition and the ef-
fective Einstein field equation on the brane together. We
derive the effective Einstein field equation on the brane
by using the so called projection method provided by
[46, 47]. Meanwhile the analysis about the brane’s mo-
tion mainly refer to the results given by [45]. Due to the
self-gravitating effects of brane, in Fig.4, we observe the
evolution mode of the brane is not sensitive to the value of
dilaton coupling constant. On the other hand, as shown
by trajectory of the brane in Penrose diagram Fig.5, the
initial position of brane need to fulfill a(0) > rh, or the
brane could not cross the past event horizon. Note that if
we turn off the self-gravitating effects, the evolution mode
of the brane will change dramatically as varying the value
of α [40, 44], meanwhile the brane will run from the ini-
tial position near the singularity of white hole [50, 51].
Basing on Fig.5, the growth rate of holographic com-
plexity for this brane-bulk system via the CV conjecture
is calculated in Sec.IVB. From (66), the time evolution
9behavior of the growth rate of holographic complexity
for this brane-bulk system in different α is displayed by
Fig.7. It is straightforward to see that the growth rate
decreases monotonously on late time, after arriving at a
maximum value. This variation trend is similiar to the
complexity evolution for the closed brane universe via
the CV conjecture given by [33], but there is no negative
value in our result.
As discussions, we suggest the following extensions.
The first case is, investigate the holographic complexity
growth via the CA conjecture for this brane-bulk system
in Einstein-Maxwell-Dilaton gravity. And it is important
to check that if the full time dependence of the growth
rate in CA conjecture is consistent with the one obtained
in CV conjecture. Besides, [53] considers the time de-
pendence of the quantum computational complexity of
scalar curvature perturbations on an early-time period
of de Sitter expansion followed by a radiation-dominated
era. And it is interesting to generalize the scalar curva-
ture perturbations into the curvaton models[54–58]. Fi-
nally, it is also worthwhile to explore the holographic
complexity growth for AdS-dilaton black holes with a
probe string, like the work [59, 60].
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